Abstract. In [3] the authors studied the 4-parameter family of isospectral flat 4-tori T ± (a, b, c, d) discovered by Conway and Sloane. With a particular method of counting nodal domains they were able to distinguish these tori (numerically) by computing the corresponding nodal sequences relative to a few explicit tuples (a, b, c, d). In this note we confirm the expectation expressed in [3] by proving analytically that their nodal count distinguishes any 4-tuple of distinct positive real numbers.
Introduction
In 1964 J. Milnor [4] constructed two 16-dimensional non-isometric flat tori with the same spectrum for the Laplace-Beltrami operator on forms of every degree, and thus produced the first example of non-isometric isospectral manifolds. Since then many examples of such manifolds (see for example [5] , [1] and [2] ) have been found and studied.
While it remains still unclear to what extent the spectrum of the LaplaceBeltrami operator determines the geometry of the underlying manifold, these examples show that the spectrum does not contain enough information to determine the manifold and its metric uniquely. It has been proposed recently that the nodal count, i.e. the number of nodal domains of the eigenfunctions of the Laplace-Beltrami operator might provide the missing information, such that spectrum and nodal count together should yield isometry. Indeed, in [3] the authors used the 4-parameter family of isospectral flat 4-tori T ± (a, b, c, d) constructed by Conway and Sloane [2] to show how the isospectrality can be 'resolved' using nodal domains. By counting the latter in very special way, and then arranging the result in a so-called 'nodal sequence' they were able to exhibit that these nodal sequences for the tori belonging to four carefully chosen tuples (a, b, c, d) are different, if numerically.
In this note we shall give an alternative and analytic way to show that the nodal sequence defined in [3] distinguishes every pair of isospectral tori in this family if all four parameters are distinct; if at least two of them are equal then the corresponding tori are isometric (cf. The paper is structured as follows: In section 2 we collect some facts on flat n-tori, their spectra and their eigenfunctions, and define the notions of 'nodal domain' and 'nodal sequence'. We then proceed to introduce the isospectral flat tori of Conway and Sloane in section 3, and eventually prove the theorem stated above.
Nodal sequences of flat tori
Let v 1 , . . . , v n ∈ R n denote linearly independent vectors and Γ := span Z {v 1 , . . . , v n } the lattice generated by these vectors. The flat torus given by the lattice Γ is
where the columns of the (n × n)-matrix A consist of the vectors
The Gram matrix of T is defined by G := A ⊤ A and Q := G −1 denotes its inverse. The regular matrix Q determines the torus completely, T = T (Q). The dual lattice is
Its spectrum relative to the torus T (Q) consists only of isolated eigenvalues with finite multiplicity and can be computed explicitly,
A certain eigenvalue λ ∈ spec T (∆) may correspond to multiple representing vectors, i.e. vectors q ∈ Z n satisfying λ = 4 π 2 q ⊤ Q q. The number of distinct representing vectors relative to the eigenvalue λ is called the degeneracy of λ. The degeneracy of a given λ equals the dimension of its eigenspace, a basis of which is given by the functions
where q = (q 1 , . . . , q n ) ⊤ ∈ Z n is a representing vector of λ. Let f : M → R be a function on a compact manifold M. Then the nodal domains of f are defined as the connected components of M \ f −1 (0), the number of which is finite.
Throughout this work we will only consider the nodal domains of the real and imaginary parts of the eigenfunctions Ψ q . We will count these domains in the same way as introduced in [3] . Here is the procedure: First split Ψ q into its real and imaginary parts
Then introduce the transformation
onto the standard torusT = R n /Z n , which gives rise to the Laplace-Beltrami operator∆ The number of nodal domains is -by definition -the number given by lifting these functions to R n and then counting their nodal domains in the unit cube ignoring identifications at the boundary. The resulting number which we call the nodal count ν(q) for a given representing vector q ∈ Z n is given by the following formula (see [3] ):
is a compact manifold we can arrange its spectrum spec T (∆) in increasing order 0 < λ 1 < λ 2 < · · · < λ i < . . . .
If we compute the nodal count of every vector q ∈ Z n , a finite set of nodal counts {ν 
The construction of Conway and Sloane
Our work deals with the 4-parameter family of isospectral flat tori T ± (a, b, c, d) discovered by Conway and Sloane [2] . As mentioned in the previous section, these tori are described by the inverse Q ± (a, b, c, d) of the corresponding Gram matrix. Explicitly,
The defining parameters a, b, c, d are required to be strictly positive. It is remarked in [2] that the tori T + and T − are equivalent if two of these parameters are equal. Therefore we shall only consider vectors (a, b, c, d) of pairwise distinct positive numbers. We are now ready for the Proof of the Theorem. To begin with, we define for m ∈ N the set
This set is obviously finite and contains all vectors q ∈ Z 4 that represent the nodal count 2m or 2m + 1, according to whether we consider Ψ 
